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Analog and digital methods have been applied to the problem of the 
longitudinal flow of a viscous incompressible liquid through bundles 
of rods in square or triangular array. 

The ac t ive  zone in nuclear  r e a c t o r s  is f requent ly  
made up of cy l indr ica l  hea t -evo lv ing  e l emen t s  which 
a re  s t r eaml ined  by a longitudinal flow of a heat c a r -  
t i e r .  The calcula t ion of the c h a r a c t e r i s t i c s  for  the 
l aminar  flow of a liquid in such a sys tem is of p r a c t i -  
cal in te res t ;  however ,  the l i t e r a t u r e  contains very  
few r e f e r e n c e s  devoted to this p rob lem.  

Here  we wil l  p r e sen t  the r e su l t s  obtained in s tudies  
of the l aminar  flow of a liquid in the space between the 
heat  evolving rods posi t ioned at the c o r n e r s  of an equi -  
l a t e r a l  t r i ang le  or square .  The p rob lem of de te rmin ing  
the vetoci ty  f ields in the liquid has been r e so lved  both 
by analog and digital  methods .  

The equation desc r ib ing  the l amina r  mot ion of the 
liquid has the f o r m  
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with the boundary condition 

u (r) = 0, (2) 

where  F is the l iqu id-so l id  in te r face .  
When the r igh t -hand m e m b e r  of Eq. (1) is constant,  

it can be s imula ted  with ac cu r r en t  through the use  of 
a flat capaci to  r [1]. 

The inves t iga t ion  was c a r r i e d  out on the model  of 
an e l e m e n t a r y  s y m m e t r y  cel l  ABCDA (Fig.  1). In 
m e a s u r i n g  the potent ia ls  on the model ,  we divided the 
en t i re  invest igated reg ion  into a r a the r  l a rge  number  
of e l emen ta ry  units.  Depending on the r e l a t i ve  pitch 
h, the side of such an e l e m e n t a r y  unit was 0 .01-0 .02  
of the rod radius~ The value of the potential  was d e t e r -  
mined at the cen t e r  of each unit. The mean  value was 
de te rmined  in a manne r  as to account fo r  the speci f ic  
weight  of incomplete  boundary unit cei ls .  The number  
of e l e m e n t a r y  units within the s y m m e t r y  cel l  ABCDA 
amounted to s e v e r a l  hundred. 

A f in i t e -d i f f e rence  method was used for the n u m e r i -  
cal solution of Eq. (1). The calcula t ion was c a r r i e d  
out in cy l indr ica l  coord ina tes .  The co rne r  spacing 
ranged f r o m  1~ ' for  dense  packing to 5 ~ for  a sys tem 
with a pitch of 1.5, and along the radius  it r a n g e d f r o m  
&r = 0.025R for  h = 1.0 to Ar  = 0.125R for h = 1.5. 

The r e su l t s  of the solution and compar i son  with 
other  data a r e  shown in F ig s .  2 -4 .  

F igu re  2 shows the d is t r ibu t ion  of ve loc i t i e s  over  
the s y m m e t r y  line AF (or,  what is the same,  along 
the l ine ABC in Fig.  1) for rods  in t r i angu la r  a r r a y .  
The ag reemen t  between the r e su t t s  of analog and d ig i -  

tal ca lcula t ion is excel lent ,  the d ive rgence  not exceed -  
ing seve ra l  percent .  M o r e o v e r ,  Fig .  2 shows the r e -  
sult  of the numer ica l  solution for  h = 1.0 [i0], which 

is a lso in good a g r e e m e n t  with the au thors '  data. 
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Fig.  1. Ar r angemen t  of rods  in per iodic  
a r r ay ;  a) t r i angu la r  a r r angemen t ;  b) 
square  a r r angemen t :  c) typical  e lement .  

One of the e a r l i e s t  t heo re t i ca l  solutions for  the 
p rob lem under cons idera t ion  in the case  of rods  in 
square  a r r a y  was offered by E m e r s l e b e n  [2]. This 
is an approximate  solution, and boundary condition 
(2) is sa t is f ied only with some e r r o r .  The E m e r s -  
leben solution is exact for  flow in the space between 
rods  whose l a te ra l  c ro s s  sec t ion  over  a g rea t  port ion 
of the flow is somewhat  c o m p r e s s e d  in the d i rec t ion  
of the rod cen te r s .  This  effect  is all the m o r e  p r o -  
nounced the s m a l l e r  the r e l a t ive  spacing of the sys tem.  

F o r  a dense packing, the m a x i m u m  veloci ty  found 
f rom the analyt ical  solution [2] is g r e a t e r  by a fac tor  
of approximate ly  two than the cor responding  veloci ty  
obtained by analog p rocedu re s .  This  d ive rgence  is a 
consequence of the assumpt ions  made in the solut ion 
of the problem.  F o r  a spacing h = 1.5, the analyt ical  
solution d i f fers  insignif icant ly  f rom that found by the 
analog method. 

Fo r  c i r c u l a r  channels ,  the calculat ion of the r e s i s -  
tance fac tor  p roceeds  with the use of the fo rmula  X = 
= 64/Re,  so that we can p re sen t  the f r i c t ion  coeff ic ient  
for the case  of l am ina r  flow in rod bundles in the fo rm 

= A 6 4  . (3) 
Re 

The coeff ic ient  A as a function of spacing [pitch] and 
the type of a r r a y  is shown in Fig .  3. In p roce s s ing  
these  r e su l t s ,  we chose the hydraul ic  d i ame te r  of the 
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Fig. 2. Velocity distribution over the symmetry line ABF for triangular 
arrangement of  rods' 1-5) electric simulation for h = 1.0; 1.1; 1.2; 
1.3; 1.5; 6-10) numerical solution for h = 1.0; 1.1; 1.2; 1.3; 1.5; 11) 

numerical solution [10] for h = 1.0. 
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Fig. 3. Factor A versus pitch: 1, 2) electric simulation 
for triangular and square lattices; 3) numerical value, tri- 
angular lattice; 4) experiment [4]; 5, 6, 7) experiment[5], 
Re = 1270, 1610, 2000, triangular lattice; 8) experiment 

[5], Re = 2300, square lattice. 
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Fig. 4. Hydraulic resistance versus porosity: 

2) electric simulation, triangular, and square 

arrangement of rods (m = 6, m = 4); 3, 4) an- 
alyt ical  solution (m = 6; m = 4); 5, 6) experi- 
ments [4] (m = 6, m = 4); 7) experiments [4], 

chaotic arrangement of rods; 8) according to 

"Heat Transfer Manuals" [9] for m = 6; 9) an-  

nular flow, calculation according to formula 
(8); 10) solution [2], calculat ion with respect 

to true porosity of system of deformed rods; 

11) solution [2], calculat ion with respect to 

fictitious porosity of rod system with radius 
R = OD (Fig. 1). 



198 INZHENERNO-FIZICHESKII ZHURNAL 

sys tem as the decis ive  d imens ion .  The r e s i s t ance  fac-  
tor  for the t r i angu la r  a r ray- - found  by numer i ca l  so lu-  
t ion of the equation (curve 3 in Fig.  3 )~[ ies  higher 
than the data der ived f rom the analog method because 
of the e r r o r  in the numer i ca l  method. However, in 
the case of dense packing we find that the r e s i s t ance  
factors  de te rmined  by analog and numer i ca l  methods 
are  in agreement .  

Let us compare  these  r e su l t s  with those obtained 
exper imenta l ly .  Reference  [4] ci tes the r e su l t s  f rom 
an exper imenta l  de te rmina t ion  of the r e s i s t ance  fac-  
tor  in the case of a l a m i n a r  flow of air  para l le l  to 
cy l indr ica l  sur faces .  For  densely packed rods in 
square  a r r a y ,  according to [4] we have A = 0.414, 
which differs  l i t t le  f rom the resu l t  (A = 0.40) given by 
the analog method. The authors  of [ l l ] - - s o l v i n g  the 

problem numer i ca l l y - - fo r  these same conditions ob-  
tained a value of A = 0.406. 

For  a t r i angu la r  rod a r r a y  the author of [4] derived 
values of A = 0.403 and A = 0.410, which is approxi-  
mate ly  20% lower than the values achieved by the ana-  
log and numer ica l  methods.  The authors know of other 
exper iments  ca r r i ed  out with water [5]. F igure  3 shows 
the r e su l t s  of these exper iments  for a t r i angu la r  rod 
a r ray .  The data of [5] a re  higher by a factor  of 2-2 .5  
than the cor responding  r e su l t s  of the numer i ca l  ca lcu-  
lation, the analog calculat ion,  and the exper iments  
with a i r  [4], and this d ivergence inc reases  as the Re 
number  grows. It is possible  that in the exper iments  
descr ibed in [5] the flow regime was not l aminar ,  and 
this could lead to an exaggerat ion of the r e s i s t ance  
factor.  The Reynolds number  calculated f rom the hy-  
draul ic  d iamete r  ranges  in [5] f rom 1270 to 1300, 
while in the exper iments  of [4] it va r i e s  within l imi t s  
of 10 to 100. It can therefore  be assumed that the flow 
in re fe rence  [4] was stable and laminar .  

For  prac t ica l  ca lcula t ions  and to compare  the r e -  
sults f rom t r i angn la r  and square rod a r r a y s ,  it is 
more  convenient  to give the hydraul ic  r e s i s t ance  data 
in the form of a d imens ion les s  p r e s s u r e  difference,  
r e f e r r ed  to a uni t  of liquid flow ra te .  We have taken 
the porosi ty  e of the sys tem as the independent var iable ,  
this quantity r ep resen t ing  the ra t io  of the c r o s s - s e c -  
t ional a rea  to the ove r -a l l  a rea  occupied by the liquid 
and the rods .  For  convenience in comparing the t r i a n -  
gnlar  and square  rod a r r ays ,  we have r e fe r r ed  the 
p r e s s u r e  difference to the flow ra te  for a single rod. 
Curves  3 and 4 in Fig.  4 show the r e su l t s  of an approx-  
imate analyt ical  solut ion [3], which has been derived 
by a method of d i sc re te  sa t is fact ion of the boundary 
conditions,  the application of this method having been 

t reated in [6, 7]. We see that the analog solution and the 
analyt ical  solution of [3] agree.  For  a porosi ty  above 
e = 0.5 the p r e s s u r e  difference for the t r i angu la r  and 
square  rod a r r a y s  becomes  identical .  The E m e r s l e b e n  
solut ion (curves 10 and 11) yields lowered r e s u l t s . *  

The exper imenta l  data of Sullivan [4] agree with 
the analog method only for densely packed square and 

t r iangular  a r r a ys .  For  higher porosi ty values,  the 
exper iments  are sma l l e r  than the analog calculat ions 
by factors  of one -and-a -ha l f  to two. One of the factors  
responsib le  for this d ivergence is the random pos i t ion-  
ing of the rods in the Sullivan exper iment .  With this 
a r r ay ,  local  var ia t ions  in the porosi ty  of the ma te r i a l  
a re  unavoidable,  and the reduct ion in the liquid flow 
ra te  in the r e s t r i c t ed  regions is more  than offset by 
the increase  in the flow ra te  through the region exhib- 
i t ing grea ter  porosi ty .  

The authors  of the Handbook of Heat T rans f e r  (9) 
recommend the use of the following re la t ionship  to 
calculate  the hydraul ic  r e s i s t ance  for the l a mi na r  
flow in the inter tube space: 

~Re = 121. (4) 

We see from Fig. 4 that formula  (4) yields exag- 
gerated values for the p r e s s u r e  difference when the 
pitch is smal l ,  and exaggerated values when the pitch 
is large.  The calculat ion shows that the r e su l t  is exag- 
gerated by a factor of a lmost  5 for a dense packing. 
With a pitch range from h = 1.2 to h = 1.8 re la t ionship  
(4) yields an e r r o r  o f i 2 0 % .  

The analyt ical  solution for the one-d imens iona l  
problem of longitudinal s t r eaml in ing  of the rods can 
be used as an approximation fo rmula  to calculate  the 
r e s i s t ance  factor  and the p r e s s u r e  difference.  It is 
assumed in this solut ion that the velocity is a function 
exclusively of the radius  and is  independent of the 
angle. It is also assumed that the symmet ry  l ine at 
which the velocity gradient  vanishes passes  along a 
c i rc le  at a dis tance a f rom the rod center ,  so that the 
a rea  of the r ing  between the rod and this c i rc le  is 
equal in magnitude to the c r o s s - s e c t i o n a l  a rea  r e fe r r ed  
to a single rod in a r ea l  sys tem.  The analyt ical  so lu-  
t ion yields the following express ion  for the p r e s s u r e  
difference:  

(--Op/Oz) R 4 _ 4 (I -- e)2 (5) 

}~q z~ In J - - 8 - - e ~ / 2  
1 

where 

n a 2 -  n R ~ R ~ 
1 - -  - -  ( 6 )  

n #  a ~ 

The relationship between the porosity and the pitch is 

given by 

n (7) 

To analyze the na ture  of the flow and to evaluate 
the in teract ion between the rods ,  we have de te rmined  
the d is t r ibut ion  of the tangent ia l  s t r e s s e s  T over the 
c i r cumference  of the rod. Let the d is t r ibut ion  of the 
potent ia lon  the model along the arc r = a m be v(amJP). 
The d is t r ibut ion  of the tangential  s t r e s s e s  over the 
c i r cumfe rence  of the rod can then be der ived f rom the 
analyt ical  solution of Eq. (1) by the method of s epa ra -  
t ion of var iables :  

*Data taken f rom [8]. . (R,  q~)/~ (R) = 
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2 m ~ ( l _ h 2  + 2mh~ t g ~  lnh)  
= 1 - -  n m X ( h2m ~ ) 

f g - - - - 1  V(am) 

Z kh-mkc~ I O(am~)cOstrtkTd% 
X 1 - -  h -2ink 

(8) 

The r e s u l t s  of the s imula t ion ,  r educed  in a c c o r -  
dance with f o r m u l a  (8), a r e  in good a g r e e m e n t  with 
the ana ly t i ca l  solut ion [3]. 

The ca lcula t ion  shows that if the r o d s  a r e  pos i t ioned 
c lo se  to each  o ther  they exe r t  s ignif icant  influence 
on each  o ther .  A change in the tangent ia l  s t r e s s e s  in 
t e r m s  of the angle r e s u l t s  in the ca se  of a square  
a r r a y  in p r e s s u r e  d i f f e rences  that  a r e  g r e a t e r  than 
in the case  of a t r i a n g u l a r  a r r a y .  

NOTATION 

p is t h e p r e s s u r e ;  q i s  the flow r a t e  pe r  rod; Re is  
the Reynolds  number ;  u is  the local  veloci ty;  u is  the 
mean veloci ty;  x and y a r e  the t r a n s v e r s e  coord ina tes ;  
z is the longi tudinal  coord ina te ;  # is the dynamic  v i s -  
cosi ty;  p is  the d i m e n s i o n l e s s  ins tantaneous  rad ius .  
Subscr ip t s :  sq is the square  a r r a n g e m e n t  of rods;  m 
is the model;  t r  is  the t r i a n g u l a r  a r r a n g e m e n t  of rods .  
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